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Abstrat
We have developed a methodology to study the thermodynamis of order-disorder transformations
in n-omponent substitutional alloys that ombines nonequilibrium methods, whih an eiently
ompute free energies, with Monte Carlo simulations, in whih ongurational and vibrational
degrees of freedom are simultaneously onsidered on an equal footing basis. Furthermore, by ap-
propriately onstraining the system, we were able to ompute the ontributions to the vibrational
entropy due to bond proportion, atomi size mismath, and bulk volume eets. We have applied
this methodology to alulate ongurational and vibrational ontributions to the entropy of the
Ni3Al alloy as funtions of temperature. We found that the bond proportion eet redues the
vibrational entropy at the order-disorder transition, while the size mismath and the bond pro-
portion eets ombined do not hange the vibrational entropy at the transition. We also found
that the volume inrease at the order-disorder transition auses a vibrational entropy inrease
of 0.08 kB/atom, whih is signiant when ompared to the ongurational entropy inrease of
0.27 kB/atom. Our alulations indiate that the inlusion of vibrations redues in about 30% the
order-disorder transition temperature determined solely onsidering the ongurational degrees of
freedom.
PACS numbers: 63.50.Gh,81.30.Hd,65.40.gd,61.43.Bn
Keywords: Vibrational and Congurational Entropy, Order-Disorder Transition, Substitutional Alloys,
Monte Carlo simulations
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I. INTRODUCTION
One of the goals of materials siene in the eld of alloys is to predit and understand
the relative stability of phases haraterized by dierent hemial disorder. The disorder in
an alloy an be onsidered as having a ongurational ontribution (ongurational degrees
of freedom), whih is the disorder assoiated to the way the atoms are distributed in the
parent lattie; and a vibrational ontribution (vibrational degrees of freedom), whih is the
disorder assoiated to the phase spae region around a stati lattie onguration. For a
very long time, most theoretial phase diagram alulations were done onsidering only the
ongurational degrees of freedom
1,2
. In the 1990's, however, several experiments measuring
thermodynamial properties of alloys in disordered metastable states,
3,4,5,6,7,8,9
demonstrated
the existene of a strong interplay between vibrational and ongurational degrees of free-
dom. It beame lear that negleting vibrational ontributions to the thermodynamial
properties of alloys ould lead to inauraies, suh as dierenes up to 30% between order-
disorder (OD) transition temperatures alulated with and without vibrational degrees of
freedom.
10
Theoretial studies of these alloys in a metastable disordered phase were per-
formed assuming the alloys to be either ompletely ordered or totally disordered.
11,12,13,14,15
The luster variation method
16
and its extensions
17
have been used to alulate the ong-
urational ontribution in partially disordered systems in equilibrium. Dierent approahes
have been used to inorporate the vibrational degrees of freedom when luster expansions
are used, suh as moleular dynamis,
18
the oarse graining method,
10
and the struture-
inversion approah.
19,20
In the last two methods, the vibration ontribution is taken into
aount through the harmoni approximation and anharmoniities are inluded via the
quasiharmoni approximation. These two luster expansion methods allow a rst-priniples
desription of the system, however, even alulations within the harmoni approximation
are still very demanding for today's omputer apabilities, and approximate approahes are
still very useful.
21
These reent alulations
21
have shown that anharmoni eets play an
important role in the vibrational ontribution to the thermodynamis of alloys. About 10
years ago, a methodology that beame known as MCX was proposed to treat simultaneously
ongurational and vibrational degrees of freedom by means of Monte Carlo simulations,
whih allow both atomi interhanges and atomi displaements
22,23,24
.
In this work, we present a methodology to investigate phase equilibria of alloys that takes
2
into aount naturally and simultaneously all ongurational and vibrational ontributions,
inluding all anharmoniities, through a ombination of the MCX approah and eient
tools to determine free energies, namely, the adiabati swithing (AS)
25
and the reversible
saling (RS)
26
methods. An interesting feature of our methodology is that it allows to study
the ontributions from dierent vibrational mehanisms to the total vibrational entropy.
In real experiments, it is impossible to isolate the many fators that ontribute to the vi-
brational entropy suh as the bond proportion, the atomi size mismath, and the bulk
volume mehanisms. On the other hand, it an be done in omputer simulations, parti-
ularly through the Monte Carlo tehnique, whih makes possible to isolate the onstraints
assoiated with eah mehanism. For example, the ongurational ontribution to the en-
tropy an be alulated by allowing only the atomi interhanging dynamis. The eet
of the bonds between dierent atomi speies an be simulated by onstraining the atoms
to vibrate around their ideal rystalline struture positions and allowing the interhanging
dynamis. The eet of the atomi size mismath and the bond proportion mehanisms
ombined an be simulated by letting the atoms vibrate around their relaxed equilibrium
positions at xed volume and allowing the ongurational dynamis. Finally, the volume
mehanism an be simulated by allowing the volume of the superell to vary by imposing
onstant pressure on the system, in addition to the positional and ongurational dynamis.
In summary, our methodology allows also to assess the ontribution of a given vibrational
mehanism by setting the appropriate onstraint in the dynamis and then alulating the
vibrational entropy dierene between the relaxed and unrelaxed system. We have applied
this methodology to quantify the vibrational entropy dierene at the thermodynamial OD
transition of the Ni3Al binary alloy.
We hose the tehnologially important
27,28 Ni3Al as the alloy model for our study
mainly beause it is supposed to have the largest vibrational entropy dierene upon
disorder.
3,7,10,11,12,13,14
The vibrational entropy dierene due to disorder at the thermo-
dynamial OD transition should be large enough to be unambiguously deteted, sine it
is, in general, a fration of the orresponding ongurational entropy dierene, whih is
itself relatively small. We also hose Ni3Al beause it is partiularly suitable to assess the
magnitude of the size mismath eet, sine the dierene between the atomi volumes of
Al and Ni is quite large
29 (VAl−VNi)/(VAl+VNi)/2 = 0.41. In the ase of Ni3Al, most of the
researh in the eld, both experimental
3,7
and theoretial, either using the embedded atom
3
method
12,13,14
or tight-binding
11,30
potentials, has found a signiant vibrational entropy dif-
ferene between the totally disordered (metastable) and the ordered phases. However, the
subjet is not free of ontroversy, van de Walle et al.
15,31
, using ab initio alulations, found
that the totally disordered and the ordered phases have essentially the same vibrational
entropy. Our results indiate an inrease of 0.08 kB/atom in the vibrational entropy at the
thermodynamial OD transition, whih is signiant when ompared to the orresponding
ongurational entropy inrease of 0.27 kB/atom. We have also found that the bond propor-
tion mehanism diminishes the vibrational entropy at the thermodynamial OD transition,
whereas the size mismath mehanism does not hange it. These results are onsistent with
the loal entropy alulations of Morgan et al.
29,32
. Regarding the importane of the volume
mehanism, theoretial studies
11,12,13,14,30
have found that the volume mehanism is the main
responsible for the inrease of the vibrational entropy dierene between the totally disor-
dered and the ordered phase. This is supported by experimental work,
33,34,35
in whih it has
been found an inrease of the volume as the system beomes totally disordered. We have
found that the volume inreases 1.2% at the OD thermodynamial transition. In addition,
our alulations indiate that the volume mehanism is the responsible for the inrease in
the vibrational entropy dierene at the OD transition.
The paper is organized as follows. In setion II we present the general methodology.
Setion III desribes the details of the interatomi potential we have hosen to desribe the
Ni3Al alloy. In setion IV, the methodology is applied to evaluate the ongurational and
vibrational entropy as funtion of the temperature and the ontribution of eah vibrational
mehanism at the OD transition. In setion V we summarize the results.
II. METHODOLOGY
A. Dynamis and vibrational mehanisms
In real systems, the proess of hemial disordering takes plae mainly through the migra-
tion of vaanies.
36,37
The problem of realistially simulating the disordering proess through
this mehanism is that the average vaany onentration is very low (less than 10−5),38 im-
plying the requirement of very large system sizes. For this reason, we hose the atomi
exhange dynamis to simulate the hemial disorder. This dynamis an be implemented
4
through the Monte Carlo method. In this approah, the ongurational degrees of freedom
are explored by seleting at random two atoms belonging to dierent hemial speies, their
positions in the lattie are then interhanged, the energy hange upon the atomi exhange
is alulated, the Boltzmann fator assoiated to this hange in energy is omputed, and
the move is aepted or rejeted aording to the Metropolis algorithm.
39
In order for the
algorithm to be eient, one should keep two lists of atoms of eah atomi speies and
hoose randomly one atom of eah list to form the pair of atoms to be interhanged. This
an be easily done, sine the number of atoms of hemial speies is kept onstant. This
dynamis is more eient than the Kawasaki dynamis and satises detailed balane. We
will all this dynamis as the ongurational ase. We onsider a Monte Carlo step (MCS)
in the ongurational ase as N attempts to exhange the atomi positions of two atoms of
dierent speies hosen at random, where N is the number of atoms.
In order to investigate the various ontributions to the vibrational entropy we onsidered
dierent dynamis related to the various mehanisms we have mentioned earlier. To esti-
mate the eet of the bond proportion mehanism in the vibrational entropy we dene the
following dynamis: besides the atomi interhange dynamis, we onstrain the atoms to
vibrate around their ideal rystalline struture positions. We all this dynamis as the un-
relaxed ase. The vibrational dynamis for the unrelaxed ase is aomplished by hoosing
one atom at random and alulating a new state by
xnewi = x
id
i +∆max(2ξi − 1), i = 1..3, (1)
where xidi is the oordinate assoiated to the orresponding ideal rystalline struture posi-
tion, ξi is a random number between zero and one, and ∆max is the maximum displaement
allowed, whih is adjusted automatially in suh a way that 50% of the trials are aepted.40
In this ase, a MCS was onsidered as N attempts of atomi displaements followed by N ′
attempts to exhange atoms. We hose N ′ = N/10, in the partiular ase of Ni3Al, beause
it is the minimum number of attempts of atomi exhange needed for the potential energy
and the order parameter to relax to average values. The bond proportion mehanism is
laimed
10,29,32
to be relevant for hanges in the vibrational entropy due to hemial disorder,
sine the proportion of bonds between distint and similar atoms hanges with the disor-
der. This eet ould in priniple be addressed, from the theoretial point of view, through
alulations based on a spring model,
10,29,32
whih presumably assigns a softer and a stier
5
harater to the bonds between like and unlike atoms, respetively.
41
We now set a dierent type of dynamis by letting the atoms relax around their thermal
equilibrium position as
xnewi = x
old
i +∆max(2ξi − 1), i = 1..3. (2)
This kind of dynamis allows the atoms to vibrate around their thermal equilibrium posi-
tions, taking into aount naturally their aommodation due to their dierent atomi sizes.
This is another mehanism that is laimed to inuene the vibrational entropy and is alled
the size mismath mehanism. It an be understood by the following piture:
10
when two
large atoms are onstrained in a small spae they an experiene a ompressive stress, in-
reasing the stiness of the bond, and reduing the allowed region to vibrate; on the other
hand, when two small atoms are onstrained in the same spae they an experiene a tensile
stress, inreasing the softness of the bond, and inreasing the allowed region to vibrate. The
interplay between the ompressive and tensile stresses will ditate the nal vibrational ef-
fet. We all this relaxation of the ongurational and positional onstraints as the partially
relaxed ase. With this dynamis we simulate the ombined eet of bond proportion and
size mismath in the vibrational entropy. In this ase also, a MCS was onsidered to be the
same as in the unrelaxed ase.
Finally, we simulate the ontribution from the volume mehanism by allowing the volume
hange in a onstant pressure simulation. This eet is explained
10
by the following reason-
ing: as the average interatomi distanes inrease, the bonds beome softer and the atoms
have more spae to visit, that auses an inrease in the vibrational entropy. We all this
relaxation of the ongurational, positional, and volumetri onstraints as the fully relaxed
ase. Through this dynamis we simulate the ombined eet of the bond proportion, size
mismath, and volume mehanisms in the vibrational entropy. The volumetri dynamis is
aomplished by resaling the atomi positions aording to the volume hange alulated
as
Lnew = Lold +∆Lmax(2ξ − 1), (3)
where L is the length of the simulation box, and ∆Lmax is the maximum allowed hange
in that length, whih is adjusted similarly to the unrelaxed and partially relaxed ases at
typially 10 MCS. In the fully relaxed ase, a MCS was dened as N positional trials followed
by N ′ = N/10 exhanging trials, and one volumetri trial.40
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B. Free energy alulations
The thermodynamial quantity that underlies all this work is the free energy, whih is
alulated through the AS
25
and RS
26
methods. The AS method allows one to alulate the
free energy by omputing the work done by adiabatially swithing the Hamiltonian of the
system of interest to the Hamiltonian of a referene system (or vie-versa) at a single given
temperature. On the other hand, the RS method allows one to evaluate the free energy
in a range of temperatures provided that it is known at a single given temperature. These
methods are very eient sine they evaluate the free energy from only one simulation run,
whose length is determined by the required auray. In ontrast with other methods, suh
as the harmoni,
42
or the quasi-harmoni
12,14,15
approximations, the AS and RS, take into
aount naturally all anharmoni eets, whih are ruial for the alulation of vibrational
entropy dierenes.
The AS method is based on the well known thermodynami integration method (TI).
43
In the TI method, the absolute free energy of a system of interest an be estimated by
omputing the work done to transform the Hamiltonian of a referene system, of whih one
knows the free energy, into that of the system of interest. This an be ahieved by onsidering
the artiial Hamiltonian,H(λ) = λHsys+(1−λ)Href , where Hsys is the Hamiltonian of the
system of interest, Href is the Hamiltonian of the referene system, and λ is a dimensionless
oupling parameter. By varying λ from 0 to 1, one an transform one Hamiltonian into the
other one. The work performed to swith between the two systems is given by the integral
F − Fref =
∫ 1
0
dλ
〈
∂H
∂λ
〉
λ
. (4)
If now λ is onsidered to be a funtion of time, and its value ontinuously varied from 0 to 1
during the time of simulation ts, the free energy dierene between the two systems is given
by
F − Fref =
∫ ts
0
dt
dλ
dt
(Usys − Uref) = Wirr = Wrev + Ediss, (5)
where Usys is the potential energy of the system of interest, Uref is the potential energy of
the referene system, Wirr and Wrev are the irreversible and reversible work, respetively,
and Ediss is the energy dissipation. Time in Eq.(5) an be regarded as the atual time, as
in a moleular dynamis simulation, or the titious time reated by the suessive steps
in a Monte Carlo simulation. The potential energy dierene between the referene system
7
and the system of interest appears in Eq.(5), instead of the Hamiltonian dierene, beause
we onsider the kineti degrees of freedom to be in equilibrium, and, therefore, the kineti
energy terms anel eah other. The energy dissipation is one soure of error, harateristi
of nonequilibrium dynami proesses, and an be estimated
44
by performing the diret and
inverse transformations between the two systems:
Ediss =
W ref→sysirr +W
sys→ref
irr
2
. (6)
In all AS and RS alulations we adopted this riterion to quantify the free energy error,
whih an be redued by inreasing the simulation time. Another soure of error
44
are the
statistial utuations of the quantities in the integrand of Eq.(5), whih an be handled by
simulating other trajetories and averaging the results.
There are subtleties in the AS method we must be aware of in order to obtain the orret
free energy. The external onditions, like temperature, and the parameters of the referene
system must be set in a way that the oupled system, desribed by H(λ), does not undergo
a phase transition along the transformation path. (We took partiular are about the hoie
of the referene temperature for the high temperature disordered phases in the unrelaxed,
partially relaxed, and fully relaxed ases to avoid mehanial melting.)
Now let us disuss briey the RS method and its appliation.
26
In ontrast to the AS,
the RS method allows the alulation of the free energy in a range of temperatures. This
an be aomplished by realizing that the free energy of the saled system at a temperature
T0, whose potential energy is given by Uscaled = λUsys (in the ase of RS λ is not restrited
to the interval [0, 1]), is related to the free energy of our system of interest at a temperature
T = T0/λ.
26,44
The free energy of the saled system at a given value of λ an be readily
determined by omputing the work performed to hange λ from 1 to λ = T0/T , as it is done
in the AS method (provided that the free energy is known for λ = 1). It is shown in Ref.
26 that the free energy of a system at temperature T an be estimated from the irreversible
work Wirr(t) done to bring the system from T0 to T (t), as
F (T (t))
T (t)
=
F (T0)
T0
+
Wirr(t)
T0
−
3
2
kBN ln
T (t)
T0
, (7)
where T (t) = T0/λ(t), and F (T0) is the known free energy referene. The logarithmi term
of Eq.(7) orresponds to the ontribution of the kineti degrees of freedom and must be
omitted when only the ongurational hanges are onsidered. The estimation of the energy
8
dissipation at a given temperature is alulated, as in the AS method, using Eq.(6). In the
ase where the external pressure is set zero, as in the alulation of the free energies for the
fully relaxed ase, the Gibbs free energy formula redues to Eq.(7).
III. THE Ni3Al SYSTEM
A. The hoie of potential
Some well known and often used interatomi potentials for modeling Ni3Al
45,46
are not
suitable to desribe the ongurational degrees of freedom of this alloy.
47
The reason for
that is that this potential, in both parameterizations,
45,46
does not yield the L12 phase
as the ground state phase, giving rise to nonphysial thermodynamial phases at low
temperatures.
47
In order to modeling appropriately the Ni3Al system we looked for a poten-
tial whih provides not only the orret ground state, but desribes, at least qualitatively, the
thermodynamis of the OD and vibrational phenomena. We hose the tight-binding Finnis-
Sinlair
48
potential whose parameterization was obtained by Vitek et al.
49
Among the ther-
mal features of this potential we may ite the linear thermal expansion oeient (at 1050
K) of 21.7× 10−6K−1, whih agrees well with the experimental value of 19× 10−6K−1;50 the
equilibrium lattie parameter (at 1000 K) of a0 = 3.6096 Å, whih is in good agreement with
the experimental value of a0 = 3.6120 Å;
50
and the alulated mehanial melting tempera-
ture Tmechm = 1600± 25 K at the Lindemanns'δ funtion value of 0.12. We have determined
the thermodynamial melting temperature for this model of Ni3Al to be Tm = 1328 ± 6
K. The thermodynamial melting point of a substane is obtained by determining at whih
temperature the solid and liquid phases have the same free energy. It is important to point
out that the thermodynamial melting temperature we have obtained for the model is 20%
lower than the experimental value T expm = 1636 K.
51
This disrepany in the melting transi-
tion temperature is not surprising sine the potential parameters are tted from a database
whih does not inlude data from the liquid phase. We will return to this point later, after
we present the results for the OD transition. However, the important onlusion we should
advane at this point is that, despite numerial disrepanies, the results from our simula-
tions for the OD transition temperature and the melting point are qualitatively onsistent
with experimental ndings.
9
B. Order parameters
In the ase of L12 alloys, the order parameters an be dened as follows. The long-range
order parameter is onstruted from the L12 phase by labeling the sublattie assoiated to
the Al (Ni) atom as an α (β) sublattie. The long-range order is then measured by the
formula, rst introdued by Bragg and Williams,
1
η =
pα − 0.25
1− 0.25
, (8)
where pα means the fration of Al atoms in the α sublattie. In this way, η = 1 for the
ordered L12 phase and η = 0 for the disordered phase. This order parameter is very useful
to quantify the long-range order, however one must be areful with its interpretation. First,
when one performs omputer simulations to explore the ongurational degrees of freedom
through ooling experiments, at a relative low rate, starting from the disordered phase at
high temperatures, the system should always end up in the L12 phase, but the Al atoms not
always are found in the arbitrarily dened α sublattie. In other words, one does not know,
in advane, whih one of the four possible sublatties will be α sublattie. Hene, in this
kind of experiment one must measure the long-range order parameter in the four possible
sublatties. Seond, when the system is in an antiphase boundary (APB)-like onguration
47
a large fration of Al atoms may be in a ordered blok at sites of a β sublattie, giving low
and even negative values for η. Therefore, η = 0 does not distinguish between a totally
disordered and a partiular APB onguration. In Fig. 1d, we show the results for the
long-range order parameter for the α and β sublatties.
Conerning the short-range orrelations we measure the short-range order parameter,
rst introdued by Bethe and Wills,
52
as
σ =
pAl−Ni − 9
12− 9
, (9)
where pAl−Ni means the average number of unlike bonds between an Al atom and its rst-
neighbors. Note that σ = 0 implies η = 0, however, η = 0 an orrespond to σ = 1 as in a
partiular APB onguration.
10
C. Implementation details
We have performed tests of our omputational ode by alulating the melting temper-
ature of the Ni system using the Cleri and Rosato potential,
45
whih agrees exatly with
the value reported in Ref. 53. Furthermore we ompared our Finnis-Sinlair alulations of
antiphase-boundary and staking fault energies with Vitek et al.
49
results, and veried an
exat agreement.
The referene system hosen for the alulation of free energy referenes in the solid
phases was the Einstein rystal.
43,54,55
The hosen values for the vibration angular frequen-
ies are wAl = 75.4 rad THz, and wNi = 31.4 rad THz, for the Al atom and for the Ni
atom respetively. These are the frequenies of the main vibrational modes of the elements,
estimated from the experimental phonon density of states from Ref. 56, whih are expeted
to be optimal to mimi the vibration of the atoms in the alloy. The referene system hosen
for the alulation of the free energy referene of the liquid phase (used to estimate the
melting temperature) was the r−12 repulsive uid.57,58 The repulsive uid parameters are
hosen in suh a way that the position and height of the rst peak of the radial distribu-
tion funtion of the r−12 repulsive uid potential oinide with those of the Finnis-Sinlair
potential. This hoie of parameters enhanes the probability of the referene system to be
within the borders of the phase diagram of the system of interest, thus minimizing the risk
of enountering a phase transition.
53,57,59
In the AS and RS alulations we hose time simulations suh that the energy dissipation
was less than 10−4 eV/atom, whih typially leads to simulation lengths of 2 × 105 MCS.
The funtional form of λ(t) was always hosen to be a linear interpolation between the
initial and nal simulation times, whih orrespond to the initial and nal temperatures. To
irumvent surfae eets we applied periodi boundary onditions and the minimal image
onvention.
40
Sine both, the Einstein rystal and the r−12 repulsive uid do not have any
ohesion, the simulations involving these systems have to be performed at xed volume,
whih is hosen to be the average volume of a NPT equilibrium simulation at the given
pressure and temperature of interest. Aside from the systemati errors due to dissipation,
statistial errors in free energy alulations were handled by taking averages over typially
10 samples. The error bars in the entropy dierenes were obtained from the utuation of
entropy data below and above the transition in the standard way. In most of the results that
11
will be presented in the following setion, a simple running average smoothing proedure was
used in order to remove the unwanted utuations introdued by the numerial derivative
alulations. All the alulations were performed using a ubi simulation ell ontaining
500 atoms. Finally, we tested a larger system size using a 1372-atom simulation ell and
found no signiant nite-size eets in entropy dierenes and transition temperatures.
IV. RESULTS AND DISCUSSION
A. The ongurational ase
Let us disuss briey the equilibrium numerial experiments performed in order to braket
the OD temperature for the ongurational ase. We set the L12 phase at a xed volume
orresponding to the equilibrium volume obtained at zero pressure and T0 = 10
3
K. Then
we turned on the exhange dynamis and performed a series of equilibrium simulations on a
relatively ne grid over a temperature interval of 2000 K. The measured thermodynamial
quantities are shown in Fig. 1. The abrupt hanges in the behavior of the potential energy,
spei heat, and order parameters indiate the OD transition at T confod = 1925±30 K. Note
the abrupt hange of the long-range order parameter η, and the nonzero value of σ after
the transition. In order to estimate the eet of the hosen xed volume on our results,
we performed an analogous series of alulations at the equilibrium volume at 0 K, whih
is substantially smaller than the one at zero pressure and T0 = 10
3
K. We found the OD
transition to be only 5% larger than the previous one, and suh small dierene indiates
that the hosen value for the volume is not relevant for our onlusions.
We now disuss the free energy alulations. We onsider the free energy referene in
this ase to be at innite temperature, beause in this limit the ongurational entropy per
atom of a system with N atoms has an analytial expression orresponding to the ideal solid
solution, whih is
Sconf(∞) =
1
N
kBln
N !
NAl!NNi!
. (10)
This quantity measures the number of distint ongurations obtained by arranging NAl and
NNi atoms in the lattie. Thus, for a system ontaining 500 atoms, we have approximately
Sconf(∞) = 0.556 kB/atom. The advantage of using the RS method in this ase results from
the fat that the method maps the problem of determining the free energy for an innite
12
interval of temperature onto a problem of nding the free energy for a nite interval of the
saling parameter λ. We determine the work done to take the system from T0 = 10
3
K
(λ = 1) to the virtually innite temperature (λ = 0). Combining this work and the entropy
from Eq.(10), we are able to alulate the free energy at T0 using Eq.(7), noting that in the
ongurational ase the logarithmi term should be dropped, sine in this ase the atoms
are not allowed to vibrate. From the free energy referene at T0 and by omputing the work
done to take the system from λ = 1 to any λ < 1, we are able to alulate F as a funtion
of T as shown in Fig. 2.
In order to estimate the energy dissipation we ompute the work performed to take the
system from λ = 0 (innite temperature) to λ = 1 (T0). As we an see in Fig. 2a the energy
dissipation in the diret and reverse proesses is less than 10−4 eV/atom. The ongurational
entropy, shown in Fig. 2b, is obtained by omputing numerially −d〈Fconf〉/dT , where the
brakets denote an average over unorrelated samples of the ongurational free energy.
This averaging proedure is done in order to redue the statistial noise in the numerial
derivative (subsequently the remaining noise is further redued by applying a running average
smoothing proedure). The OD transition temperature, whih in this ase is onsidered to
be at the enter of the oexistene region of the two phases, was found to be T confod = 1925±
30 K, whih agrees with the transition temperature determined by analyzing the behavior
of thermodynamial quantities in Fig. 1. The ongurational entropy dierene alulated
at the OD transition is ∆Sconfconf = 0.18± 0.01 kB/atom. In Fig. 3a we show the behavior of
the order parameters as funtion of the temperature. We an see that the long-range order
parameter goes to zero at the OD transition temperature, whereas the short-range remains
nite above the transition, approahing zero only for extremely high temperatures. Due to
the persistene of the short-range order, we note that the ongurational entropy reahes
its maximum only at very high temperatures. The similar behavior of the ongurational
entropy and short-range order parameter with temperature allows us to establish a diret
relationship between these two magnitudes. This relationship will be used in the alulation
of free energy referenes for the other ases we will study. This result may also be espeially
useful at muh higher pressures where the OD temperature is muh lower than the melting
point.
60
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B. Unrelaxed, partially relaxed, and fully relaxed ases
Now we turn to the other ases, where the onstraints on the degrees of freedom are
gradually lifted. When vibrations are allowed, the limit of innite temperature is no longer
a suitable referene for the free energy, sine the system would not remain a solid. In order to
braket the OD transition temperatures for eah ase, we performed a series of heating and
ooling experiments. In Fig. 4 we plot the short-range order parameter σ as a funtion of the
temperature, for the unrelaxed, partially relaxed, and fully relaxed ases. The metastability
exhibited in eah ase allows suitable hoies of referene temperatures for the alulation of
referene free energies using the AS method. For eah ase, two referene temperatures are
hosen, one below and one above the guessed OD transition temperature provided by the
metastability region. These free energy referenes are subsequently used in the RS method
to alulate the free energy urves starting from both referene temperatures. Starting at
the lower referene temperature, the RS method generates a free energy urve for inreasing
temperatures; from the higher referene temperature, on the other hand, the RS method
provides a free energy urve for dereasing temperatures. The rossing of these two urves
gives the OD transition temperature. These OD transition temperatures are indiated by
dotted lines in Fig. 4. The error bars for the transition temperatures were obtained from the
free energy referene error bars in the same way as in Ref. 61: the RS method is performed
again, this time starting from the extremes of the error bar of free energy referene given by
the AS method. The temperature error bar is then obtained by the two rossings points that
are the farthest from eah other among the four urves intersetions around the transition.
Next, we disuss the details of these alulations and further results.
The total free energy at the referene temperature Tref for the unrelaxed, partially re-
laxed, and fully relaxed ases is alulated by adding the ontributions from the vibrational
and ongurational degrees of freedom as
F (Tref) = Fvib(Tref)− TrefSconf(σ(Tref)), (11)
where Fvib(Tref) is the vibrational free energy alulated through the AS method to a refer-
ene system whih does not take into aount the ongurational entropy, e.g., the Einstein
Crystal, and Sconf is the ongurational entropy orresponding to the short-range order
parameter at Tref . The mapping between Sconf and σ is obtained from their temperature
dependene in the ongurational ase, using the data given in Fig. 3.
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In order to evaluate the ontribution of the bond proportion mehanism to the vibrational
entropy, we alulated the free energy of the system in the unrelaxed ase. In Fig. 5 we
show the free energy and entropy urves below and above the OD transition. The rossing
of the two free energy urves determines the OD transition. The entropy is then omputed
by the numerial derivative of the free energy urves. The OD transition temperature
obtained where the two urves ross is T urod = 1635± 60 K. One the transition temperature
is obtained, one an go bak to the data in Fig. 4 to determine the short-range order
parameter for the ordered and disordered phases at the OD transition, and from that the
ongurational entropy dierene at the OD transition. The total entropy dierene and
the ongurational entropy dierene at the transition are ∆Stotur = 0.20 ± 0.02 kB/atom
and ∆Sconfur = 0.27 ± 0.01kB/atom, respetively. So the entropy dierene due to only the
vibration
∆Svibur = ∆S
tot
ur −∆S
conf
ur , (12)
is −0.07±0.02kB/atom. This negative value is onsistent with the loal entropy alulations
of Morgan et al.,
29,32
who onluded that the inrease of Al nearest-neighbors dereases the
loal vibrational entropy of Al or Ni atoms.
The ombined eet of size mismath and the bond proportion mehanisms was studied
by simulating the system in the partially relaxed ase. The OD temperature obtained by the
rossing of the free energy urves is T prod = 1497± 40 K. The total partially relaxed entropy
dierene and the ongurational entropy dierene at the transition are ∆Stotpr = 0.23 ±
0.02 kB/atom and ∆S
conf
pr = 0.22±0.01 kB/atom, respetively. So the entropy dierene due
to only the relaxation of the atoms at xed volume is approximately 0.01 ± 0.02 kB/atom.
This result is also onsistent with Morgan et al.,
29,32
who observed that the loal vibrational
entropy seems very at, or even slightly inreasing as the number of relaxed Al rst-
neighbors inreases.
Simulations of the system in the fully relaxed ase were employed to evaluate the ombined
eet of the volumetri relaxation of the superell with the size mismath and the bond
proportion mehanisms. The alulated OD temperature T frod = 1339 ± 20 K essentially
oinides, within the error bars, with the melting temperature of Tm = 1328± 6 K. This is
in agreement with experimental ndings.
51,62
Although the Finnis-Sinlair potential annot
reprodue quantitatively the values obtained experimentally, it provides results that are
onsistent with the experimental results.
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In order to show the signiane of the ongurational disorder on the vibrational prop-
erties of the alloy, we depit in Fig.6 the vibrational entropy of the alloy in the fully relaxed
ase as a funtion of temperature in omparison with the total entropy of the alloy in the
fully relaxed ase and in the perfetly ordered L12 phase. In the fully relaxed ase the
vibrational entropy is obtained by subtrating the ongurational entropy from the total
entropy. The ongurational entropy is, in turn, obtained as a funtion of temperature from
its mapping with the measured short-range parameter. The entropy of the L12 phase is
purely vibrational. Therefore, the dierene between the fully relaxed vibrational entropy
and the L12 vibrational entropy is only due to ongurational disorder. We see that, as the
temperature inreases, the vibrational entropy due to disorder inreases steadily and has a
nite jump at the OD transition.
The total entropy dierene and the ongurational entropy dierene at the OD tran-
sition in the fully relaxed ase are ∆Stotfr = 0.35 ± 0.02 kB/atom and ∆S
conf
fr = 0.27 ±
0.01 kB/atom, respetively. So the entropy dierene exluding the ongurational ontri-
bution is ∆Svibfr = 0.08 ± 0.02 kB/atom. This result shows that the vibrational entropy
dierene at the OD temperature is about 23% of the total entropy dierene when the
volume is allowed to relax. Furthermore, this vibrational entropy inrease is aompanied
by a volume inrease of 1.2%. This result, together with the essentially zero vibrational
entropy dierene found in the partially relaxed ase, indiates that the volume mehanism
is the responsible for the vibrational entropy inrease in Ni3Al. The inrease in volume upon
disorder is onsistent with all experimental
33,34,35,63
and theoretial work
13,14,15,30,31
. The re-
sult that the vibrational entropy dierene inreases at the OD transition is onsistent with
all the experimental
3,7
and most of the theoretial work,
11,12,13,14,30
whih have observed a
positive vibrational entropy dierene between the totally disordered (metastable) and the
totally ordered phases. The OD temperature in the fully relaxed ase is approximately 30%
lower than the OD temperature alulated when only the ongurational degrees of freedom
are onsidered. Ozolin², Wolverton, and Zunger
64
proposed a relation between the OD tran-
sition temperature alulated onsidering only the ongurational degrees of freedom and
the transition temperature determined inluding also vibrations,
T conf+vibod ≈ T
conf
od
(
1 +
∆Svibfr
∆Sconfconf
)−1
. (13)
Using the results from our alulations as input for Eq. (13), namely, T confod = 1925 K,
16
∆Sconfconf = 0.18 kB/atom, and ∆S
vib
fr = 0.08 kB/atom, we nd T
conf+vib
od = 1333 K, i.e., the
inlusion of vibrations lowers the OD transition temperature by 31%, with respet to the
purely ongurational transition temperature, whih agrees with the lowering of 30% we
have determined in the fully relaxed ase.
Finally, in order to ompare the hanges in entropy for all ases studied (and also for the
liquid phase) we show in Fig. 7 the entropy as a funtion of the temperature.
V. SUMMARY
In this work we employ to the greatest possible advantage the RS and the Monte
Carlo tehniques, providing a methodology to evaluate both the ongurational and vi-
brational free energies as funtions of temperature for n-omponent substitutional alloys.
This methodology is also used to quantify the ontributions of the vibrational mehanisms
by setting appropriate onstraints in the dynamis and alulating the entropy dierene
between the relaxed and unrelaxed system. By onseutively relaxing the ongurational
and strutural onstraints, we are able to quantify the ongurational entropy as well as the
vibrational entropy due to the bond proportion, size mismath, and volume mehanisms. We
applied this methodology to study the vibrational entropy dierene at the thermodynamial
OD transition of the Ni3Al alloy obtaining the following results. When the atoms are allowed
to both interhange their positions and vibrate around their ideal f lattie positions, the
vibrational entropy dierene is ∆Svibur = −0.07 ± 0.02 kB/atom. This indiates that bond
proportion mehanism dereases the overall vibration of atoms upon transition. When the
atoms an interhange their positions and are allowed to vibrate around their equilibrium
positions, the vibrational entropy dierene is essentially zero. This indiates that the size
mismath, oupled to the bond proportion mehanism, does not hange the vibrational en-
tropy upon transition. When the onstraints on atomi interhanging, atomi relaxations,
and bulk volume are relaxed, the vibrational entropy dierene at the OD transition is
∆Svibfr = 0.08± 0.02 kB/atom, whih is substantial when ompared with the ongurational
entropy dierene of ∆Sconffr = 0.27±0.01 kB/atom. This indiates that the eet of volume
relaxation is the soure of the inreasing in the overall vibrational entropy upon disorder.
Moreover, the volume inrease at the OD transition is of 1.2%. A partiular relevant result
is that the OD transition temperature alulated when all onstraints are allowed to relax
17
is approximately 30% less than that alulated when only the ongurational degrees of
freedom are onsidered. This result orroborates the importane of the vibrational degree
of freedom in the determination of preise OD phase diagrams. Finally, as this methodology
is not restrited to a partiular rystal struture and stoihiometry, it an be applied to any
n-omponent substitutional alloy to evaluate the ongurational and vibrational entropies
as funtion of the temperature and quantify the importane of the orresponding vibrational
mehanisms.
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FIG. 1: (Color online) Thermal equilibrium quantities for the ongurational ase. The dotted lines
indiate the OD temperature alulated from free energy alulations(Fig.2). The order parameter
η is shown for two of the four sublatties of the L12 struture, the order parameters not shown
exhibit an idential behavior to that of sublattie β.
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FIG. 2: (Color online) Helmholtz free energy and entropy versus temperature for the ongurational
ase. In (a) the solid line and the dashed line orrespond to single realizations of the quasi-stati
heating and ooling proesses, respetively. In (b) solid line depits the entropy obtained from
smoothing the −d〈Fconf 〉/dT data, dashed lines orrespond to the oexistene region, and the OD
transition temperature T confod = 1925 ± 30K is estimated from the enter of the oexistene region.
The inset shows the entropy of a typial single realization where the oexistene behavior an be
observed.
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FIG. 3: (Color online) Behavior of the order parameters and entropy as funtions of temperature
in a logarithmi sale for the ongurational ase. In (a) the long-range order parameter η vanishes
at the OD transition, in ontrast to the short-range order parameter σ, whih vanishes only at very
high temperatures. This behavior is reeted in the ongurational entropy showed in (b). The
dashed line in (b) indiates the value of Sconf (∞).
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FIG. 4: (Color online) Behavior of the short-range order parameter σ as a funtion of temperature
in heating and ooling numerial experiments at a rate of 0.02 K/MCS. From left to right, the
three pairs of urves are for the fully relaxed, partially relaxed, and unrelaxed ases. The dashed
lines indiate the OD transition temperatures, obtained from the rossing of the free energy urves,
whih are T frod = 1339 ± 20 K, T
pr
od = 1497 ± 40 K, and T
ur
od = 1635 ± 60 K. The urves are the
smoothed data from averages over 10 samples.
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FIG. 5: (Color online) Free energy and entropy as funtions of temperature for the unrelaxed ase.
The dashed line indiates the OD temperature of T urod = 1635 ± 60 K obtained from the rossing
of the free energy urves. The lines in the entropy plot are obtained from the smoothing of the
−d〈Fur〉/dT data.
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FIG. 6: (Color online) Entropy as a funtion of temperature for the fully relaxed ase (solid urve)
and perfetly ordered L12 phase (squares). The open irles depit the fully relaxed vibrational
entropy, whih is the dierene between the fully relaxed total entropy and the fully relaxed ong-
urational entropy. The vertial short dashed line indiates the fully relaxed OD temperature. The
open irles represent the smoothed data from averages over 10 samples. The solid and long dashed
lines are ttings to the smoothed data and the error bars are smaller than the symbols (squares
and irles).
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FIG. 7: (Color online) Behavior of the total entropy as a funtion of temperature for the liquid
phase and all ases studied. The inset shows the ongurational ase. The urves are the smoothed
data from averages over 10 samples.
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